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Abstract: A vehicle equipped with a front steer-by-wire device is considered and the related
control design problem dealt with by using a yaw rate feedback structure. In order to effec-
tively handle both the system non-linearities and the input constraints, a Non-linear Model
Predictive Control (NMPC) technique is adopted. A novelty of the present paper is that the
vehicle model employed by the NMPC algorithm is obtained from previously collected input/
output data, using a Non-linear Set Membership (NSM) identification methodology. Since the
NSM approach is able to provide a model with minimal worst-case identification error,
improved robustness of the closed-loop system is obtained with respect to that of an NMPC
law based on a physical vehicle model. Furthermore, the measure of the model uncertainty
provided by the NSM approach allows one to perform a theoretical robust stability analysis of
the closed-loop system. The effectiveness of the proposed technique is shown through numer-
ical simulations of manoeuvres using a detailed vehicle model.
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1 INTRODUCTION

Vehicle active control systems aim at enhancing han-

dling performance while ensuring stability in critical

situations. Several solutions to active chassis control

have appeared in recent years; all of the proposed

approaches modify the vehicle behaviour by means

of devices that are able to vary the front or rear steer-

ing angles or change the distribution of the driving/

braking torques applied to the wheels (see e.g. refer-

ences [1] and [2]). Common to all solutions is the fact

that they are able to generate limited values of the

control input, with consequent possible input satu-

ration and performance deterioration. Moreover,

vehicle lateral dynamics may show a highly non-

linear behaviour, especially in the critical conditions

that motivate the use of active stability systems. In

order to cope with these issues, Non-linear Model

Predictive Control (NMPC) (see e.g. reference [3])

techniques can be employed, since they are able to

effectively deal with the presence of both input con-

straints and system non-linearities.

NMPC relies on the online solution of a con-

strained finite-horizon optimal control problem, in

which the predicted courses of the state variables

are computed using a simplified vehicle model.

Existing applications of model predictive control to

yaw control problems employ either a linear time-

varying or a non-linear vehicle model (see e.g. refer-

ences [4] and [5]) derived on the basis of physical

laws, i.e. force and moment equilibrium equations

together with some model of the tyre behaviour, like

the renowned Pacejka ‘magic formula’ [6]. However,

the accuracy of such models, which are referred to as

‘physical models’ hereafter, inherently suffers from

under-modelling and parameter uncertainties. As a

consequence, closed-loop stability and performance

may deteriorate in the presence of parameter varia-

tions (e.g. different vehicle mass, tyres, diverse sur-

faces, etc.) and in situations in which the real vehicle

response is ‘too different’ from that of the employed
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model. Indeed, robust NMPC techniques have been

also developed (see e.g. the survey in reference [7]),

able to guarantee stability in the presence of external

disturbance and/or model uncertainty. However, the

problem of robust yaw control using NMPC is still

open, due to the difficulty of deriving a suitable

uncertainty measure, associated with the employed

physical model, to be used in the aforementioned

robust NMPC approaches.

In order to deal with the issue described above, the

present paper originally aimed at designing an NMPC

law that employs a vehicle model derived directly

from vehicle input/output experimental data, using a

Non-linear Set Membership (NSM) identification

technique [8]. Now, since the NSM approach is able

to provide a model with minimal worst-case identifi-

cation error, improved robustness of the closed-loop

system is obtained with respect to that of an NMPC

law based on a physical vehicle model. Furthermore,

the measure of the model uncertainty provided by

the NSM technique allows one to perform a theoreti-

cal robust stability analysis of the closed-loop system,

which is also carried out here. Such a stability analy-

sis paves the way for the design of robust NMPC laws

for vehicle yaw stability. The resulting control design

methodology, denoted as Set Membership Predictive

Control (SMPC), is applied here to design a feedback

control law for a vehicle equipped with a front steer-

by-wire device. The effectiveness of the approach is

tested through simulations of harsh manoeuvres

using a detailed 14-degrees-of-freedom (DOF) vehicle

model. The obtained results indicate that the SMPC

approach proposed in this paper has quite good

potential to effectively handle both input constraints

and system non-linearities and, at the same time, to

tackle the problem of control system robustness in a

systematic way.

2 PROBLEM FORMULATION AND VEHICLE

MODEL IDENTIFICATION

2.1 Control requirements

In this paper, a vehicle equipped with a front steer-

by-wire actuator, based on a classical rack-and-pinion

steering system (see e.g. reference [9]), is considered.

With such a device, the value of the handwheel angle

dd imposed by the driver is measured by a handwheel

angle sensor and employed, together with the esti-

mated value of the vehicle speed v, to compute a suit-

able yaw rate reference _cref . A feedback control law

receives as input such reference yaw rate value

together with the measured yaw rate _c and computes

a suitable input current for the steer-by-wire device,

which imposes accordingly the pinion angle and,

consequently, the steering angles of the front wheels’

kinematics. Thus, the steering angle d is the control

input, and the controlled output is the vehicle yaw

rate _c. The desired vehicle behaviour is taken into

account in the control design by a suitable choice of

the reference signal, which is generated by means of a

non-linear static map

_cref =M(d, v) ð1Þ

Details on the computation of the map Mð�Þ
employed here can be found, for example, in refer-

ence [2]. In particular, Mð�Þ is designed in order to

obtain improvements of the vehicle handling charac-

teristics with respect to the uncontrolled case (i.e. the

same vehicle equipped with a conventional steering

system). The tracking of _cref can be taken into account

by minimizing the amount of the tracking error e

e = _cref � _c

The value of the front steering angle generated by

the employed active device is subject to its physical

limits. In particular, the range of allowed front steer-

ing angles that can be mechanically generated is

6 35 �. Thus, saturation of the control input (i.e. the

angle d) has to be taken into account in the control

design. Therefore, considering the presence of input

constraints, the employment of NMPC techniques

(see e.g. reference [3]) appears to be an appropriate

approach to solve the problem. NMPC requires the

online solution of a constrained finite-horizon opti-

mal control problem in which the predicted system

behaviour is computed using a system model.

Differently from existing NMPC approaches for

vehicle yaw control (see e.g. references [4], [5], and

[10]), in this paper the vehicle model embedded in

the NMPC algorithm is not a physical one, but it is

identified directly from measured input/output data

using an NSM technique. In the following sections,

the details on the NSM approach and its application

to derive a vehicle model are described.

2.2 NSM identification

The NSM identification method employed in this

paper is derived from the methodology proposed in

reference [8].

Suppose that the plant P to be controlled is a

non-linear discrete-time dynamic system described

in regression form

yt + 1 = P yt , ut

� �
, t 2 Z

yt = yt ; . . . ; yt�ny

� �
ut = ut ; . . . ; ut�nu
½ � ð2Þ
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where ut ; yt 2 R, P : Rn ! R, n = ny + nu + 2.

Suppose that system P is not known, but a set of

noise-corrupted measurements is available

~yt , ~ut

� �
, t 2 T _¼ f�T + 1, � T + 2, . . . , 0g ð3Þ

Let ~ut ¼
:

~yt ; ~ut

� �
where ~yt = ½~yt�1; . . . ; ~yt�ny

� and
~ut = ~ut ; . . . ; ~ut�nu
½ �. Then (2) can be rewritten as

~yt + 1 = P ~utð Þ+ dt , t 2 T ð4Þ

where the term dt accounts for the fact that yt and

ut are not exactly known. The aim is to derive an

approximation M of P from the available measure-

ments ~yt ; ~ut

� �
. The estimate M should be chosen to

give small (possibly minimal) error Lp error

P �Mk kp, where the p-norm of a given function

F(u) is defined as Fk kp ¼
: ½
Ð
u FðuÞj jpdu�1=p, p 2 ð1;‘Þ,

Fk k‘ ¼
:

ess sup
u2F

FðuÞj j, and F is a bounded set in Rn.

Whatever estimate is chosen, no information on

the identification error can be derived unless some

assumptions are made on the function P and the

noise d.

Prior assumptions on the function P

F (g) _¼ F 2 C1 : F(u)� F �uð Þj j
�

< g u� �uk k2,

8u, �u 2 F � R
nug

Prior assumptions on d

dtj j < e \ ‘ t 2 T

Thus, FðgÞ is the set of Lipschitz continuous func-

tions on F with Lipschitz constant g. It is assumed

that F is a compact set.

A key role in this Set Membership framework is

played by the Feasible Systems Set (FSS), often called

the ‘unfalsified systems set’, i.e. the set of all systems

consistent with prior information and measured data.

Definition 1

Feasible Systems Set

FSS _¼ F 2 F (g) : ~yt � F ~utð Þ
�� �� < e, t 2 T

� �
ð5Þ

n

The FSS summarizes all information on the

mechanism generating the data that is available up

to time t = 0. If prior assumptions are ‘true’, then

P 2 FSS, an important property for evaluating the

accuracy of the identification. Indeed, for a given

estimate M ’ P, the related Lp error P �Mk kp can-

not be exactly computed, but its tightest bound is

given by

P �Mk kp< sup
F2FSS

F �Mk kp

This motivates the following definition of worst-case

identification error.

Definition 2

The worst-case identification error of the estimate is

E(M) _¼ sup
F2FSS

F �Mk kp n

Looking for estimates that minimize the worst-

case identification error leads to the following

optimality concept.

Definition 3

An estimate is optimal if

E F�ð Þ= inf
M

E(M) =RI

The quantity RI , called the ‘radius of informa-

tion’, gives the minimal worst-case identification

error that can be guaranteed by any estimate based

on the available information.

Define the functions

�F(u) _¼min
t2T

�ht + g u� ~utk k2

� �

F(u) _¼max
t2T

ht � g u� ~utk k2

� �
ð6Þ

where �ht ¼: ~yt + e and ht ¼
: ~yt � e. The next result

shows that the estimate

Mc =
1

2
F + �F
� �

is optimal for any Lp norm.

Theorem 1

Following reference [8], for any Lp norm, with

p 2 ½1;‘�:

(a) the estimate Mc is optimal;

(b) E Mcð Þ= 1
2

�F � F
		 		

p
=RI .

Note that the model Mc can be expressed as a

non-linear regression of the form

yt + 1 = Mc yt ; . . . ; yt�ny
, ut ; . . . ; ut�nu

� �
, t 2 Z ð7Þ

where Mc is a Lipschitz continuous function with

Lipschitz constant g [8].
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As a matter of fact, for the design and robustness

analysis of the NMPC law employed in this paper, a

state space representation of equations (2) and (7) is

needed. In particular the regression (2) can be easily

represented in the context of state space equations.

In fact, by choosing the state vector as

xt =

yt

..

.

yt�ny

ut�1

..

.

ut�nu

2
666666664

3
777777775

=

x(1)
t

..

.

x
(ny + 1)
t

x
(ny + 2)
t

..

.

x
(ny + nu + 1)
t

2
666666664

3
777777775

ð8Þ

and as input the value ut, the regression form (2)

can be expressed as

xt + 1 = f P xt , utð Þ ð9Þ

where

f P xt , utð Þ=

P x(1)
t , . . . , x

(ny + 1)
t , ut , x

(ny + 2)
t , . . . , x

(ny + nu + 1)
t


 �

x(1)
t

..

.

x
(ny )
t

ut

..

.

x
(ny + nu)
t

2
666666666664

3
777777777775

ð10Þ

Note that, since Pð�Þ is assumed to be Lipschitz

continuous with constant g, function f Pð�Þ in equa-

tion (10) is Lipschitz continuous too with constant

Lp =
ffiffiffiffiffiffiffiffiffiffiffiffi
1 + g2

p
. The same procedure applied to the

model Mc, equation (7), leads to the state space

description

xt + 1 = f Mc xt , utð Þ ð11Þ

where

f Mc xt , utð Þ=

Mc x(1)
t , . . . , x

(ny + 1)
t , ut , x

(ny + 2)
t , . . . , x

(ny + nu + 1)
t


 �

x(1)
t

..

.

x
(ny)
t

ut

..

.

x
(ny + nu)
t

2
666666666664

3
777777777775

ð12Þ

Indeed, on the basis of the assumptions made in

the considered NSM identification set-up, function

f Mc ð�Þ in equation (12) is Lipschitz continuous with

the same constant Lp =
ffiffiffiffiffiffiffiffiffiffiffiffi
1 + g2

p
of f Pð�Þ. Moreover it

can be shown that

f P � f Mc
		 		 < RI ð13Þ

Section 2.3 shows how the described NSM

approach can be applied to derive a vehicle model

to be used in the NMPC design.

2.3 Vehicle model using NSM identification

In the considered case of a vehicle with a front

steer-by-wire device, the system input is the

front steering angle d and the measured output is

the vehicle yaw rate _c. A set of experimental

data, to be used for the computation of the

NSM model Mc, equation (7), can be collected by

performing driving tests with the vehicle

equipped with a classical steering system and

by collecting the measured values of �_ct and �dt

with a suitable sampling time Ts, the value

Ts = 0.01 s is considered here. Then, the number of

output and input regressors, ny and nu, respec-

tively, has to be chosen in order to achieve a

suitable trade-off between model complexity and

accuracy, while the values of the Lipschitz

constant g and of the noise bound e are estimated

from the data in order to achieve a non-empty FSS

(for more details on the choice of regressors and

the computation of g and e, the interested reader is

referred to reference [8]). The obtained NSM vehi-

cle model f Mc is of the form of equation (11), in

particular

xt + 1 = f Mc xt , utð Þ ð14Þ

where

f Mc xt , dtð Þ=

Mc x(1)
t , . . . , x

(n _c + 1)

t , dt , x
(n _c + 2)

t , . . . , x
(n _c + nd + 1)

t


 �

x(1)
t

..

.

x
(n _c)

t

dt

..

.

x
(n _c + nd)

t

2
666666666664

3
777777777775

and

580 M Canale, L Fagiano, and M C Signorile

Proc. IMechE Vol. 226 Part D: J. Automobile Engineering



x(1)
t

..

.

x
(n _c + 1)

t

x
(n _c + 2)

t

..

.

x
(n _c + nd + 1)

t

2
6666666664

3
7777777775

=

_ct

..

.

_ct�n _c

dt�1

..

.

dt�nd

2
666666664

3
777777775
2 R

n�1 ð15Þ

The model equation (14) can be employed to

design an NMPC law for yaw control, as described

in the section 3.

3 NMPC STRATEGY FOR YAW CONTROL

The control move computation is performed at dis-

crete time instants t 2 N, defined by the sampling

period Ts and on the basis of the state equations

(14). At each step t the measured values of the state

xt, equation (15), together with the requested value

of the yaw rate reference _cref, t , are used to compute

the control move through the optimization of the

following performance index

Jt =
XNp�1

j = 0

Qe2
t + j + 1jt + Rd2

t + jjt ð16Þ

where Q, R 2 R
þ are suitable weights, Np 2 N is the

prediction horizon, et + jjk is the jth step ahead pre-

diction of the tracking error obtained as

et + jjt _¼ _cref, t � _ct + jjt

The value of _cref, t is computed using the mea-

sured values of the handwheel angle dd, t (imposed

by the driver) and of the vehicle speed vt (see equa-

tion (1)). On the basis of equation (15), the pre-

dicted yaw rate _ct + jjt is obtained as _ct + jjt = x
ð1Þ
t + jjt via

recursion of the state equations (14) starting from

the ‘initial condition’

xtjt = xt =

_ct

..

.

_ct�n _c

dt�1

..

.

dt�nd

2
666666664

3
777777775

and using the following sequence of the inputs d

dtjt

..

.

dt + Nc�1jt

..

.

dt + Np�1jt

2
6666664

3
7777775

where Nc < Np is the control horizon and the

assumption dt + jjt = dt + Nc�1jt , Nc < t < Np � 1, is

made. Thus, the optimization of the index, equation

(16), is performed with respect to the variables

Dt = dtjt ; . . . , dt + Nc�1jt
� �T

, while the value of the refer-

ence yaw rate angle _cref is kept constant at the value
_cref, t , computed at time t, during the whole predic-

tion horizon. Therefore, since _cref, t is a function of

and dd, t and ut, the performance index Jt depends

on Dt and on the vector wt 2 R
2 + n�1 of the mea-

sured variables

wt _¼ dd, t , ut , xt½ �T ð17Þ

The predictive control law is then computed

using a Receding Horizon (RH) strategy as

follows.

1. At time instant t, get wt.

2. Solve the optimization problem

min
Dt

Jt Dt , wtð Þ ð18aÞ

subject to

Dt 2 D= dt + jjt : dt + jjt
�� �� < �d, j 2 0, Nc � 1½ �

� �
ð18bÞ

3. Apply the first element of the optimal solution

sequence D
�
t as the actual control action dt = dtjt .

4. Repeat the whole procedure at the next sam-

pling time t + 1.

The application of the RH procedure gives

rise to a feedback control law which is a static

function

dt = k wtð Þ ð19Þ

implicitly defined by the solution of the constrained

finite-horizon optimal control problem, equation

(18). The saturation value �d is chosen as the maxi-

mal steering angle that can be mechanically gener-

ated (i.e. 35 �). The values of Q, R, Np, and Nc are

design parameters that have to be chosen in order

to achieve a good compromise between closed-loop

stability and performance (see e.g. reference [3]). It

has to be noted that the described NMPC law does

not take explicitly into account the robustness of

the closed-loop system. However, the use of the

NSM model makes it possible to perform a theoreti-

cal analysis to be used for an a posteriori evaluation

of the system robustness, as will be shown in

section 4.
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4 ROBUSTNESS ANALYSIS OF SMPC

It will be now shown how the computable bounds

on the estimation error introduced in section 2.2

can be suitably employed in order to analyse the

robustness properties of the designed predictive

controller k when applied to the real system. Let us

recall that the plant dynamics are supposed to be

described by the following state space equations

xt + 1 = f P xt , utð Þ ð20Þ

The identified model state equations are

xt + 1 = f Mc xt , utð Þ ð21Þ

Assuming that constant values of the handwheel

angle dd and of the vehicle speed v are imposed by

the driver, the reference yaw rate value _cref also

results to be constant and the NMPC law results to

be a static function of the system state only, i.e.

dt = k wtð Þ defined on a compact set X of values of x

where the optimization problem, equation (18), is

feasible. When the predictive controller dt = k wtð Þ is

applied to the systems in equations (20) and (21),

the following autonomous systems are obtained

xt + 1 = f P xt , k xtð Þð Þ= FP xtð Þ ð22Þ

xt + 1 = f Mc xt , k xtð Þð Þ= F Mc xtð Þ ð23Þ

Now, given the two systems in equations (22) and

(23), the notations

fP t, x0ð Þ= FP(FP( . . . FP|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
ttimes

(x0) . . . ))

and

fMc t, x0ð Þ = FMc (FMc ( . . . FMc|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
ttimes

(x0) . . . ))

will denote the respective corresponding state tra-

jectories. In this context it is useful to compute a

bound on the one-step prediction error

xP
t + 1 � xMc

t + 1

		 		
2

=

f P xt , k xtð Þð Þ � f Mc xt , k xtð Þð Þ
		 		

2
< RI = m ð24Þ

Note that according to the non-linear Set

Membership identification, the larger the number of

data employed for the identification of f Mc the lower

the value of RI (see reference [8]).

The NMPC law, if suitably designed, will make

the state trajectory of the system, equation (23),

converge to the fixed point

�x =

_cref

..

.

_cref

9>=
>;ny + 1

dref

..

.

dref

9>=
>;nu

2
666666664

3
777777775

ð25Þ

where dref = k �xð Þ is such that f Mc �x; drefð Þ= F Mc �xð Þ= �x.

Theorem 2 shows that the trajectory fPof the sys-

tem (22) can be regulated to an arbitrarily small

neighbourhood of a given feasible fixed point �x of

the system (23).

Theorem 2

Suppose that:

(a) the predictive controller k xtð Þ uniformly

asymptotically regulates the nominal state tra-

jectory fMc to the objective �x;

(b) there exists a positively invariant G � X set

such that

G � X : fMc t, x0ð Þ 2 G, 8x0 2 G, 8t˜0

�x � G

Then:

(a) the trajectory distance

d t, x0ð Þ= fP t, x0ð Þ � fMc t, x0ð Þ
		 		

2

is bounded by M which depends on the bound m

introduced in equation (24), that is

fP t, x0ð Þ � fMc t, x0ð Þ
		 		

2
< D = D(m)

(b) the trajectory fP asymptotically converges to

an arbitrarily small neighbourhood of �x

lim
t!‘

fP t, x0ð Þ
		 		

2
< q = q(m), 8x0 2 G

Proof 1

Trivial extension of Theorem 2 in reference [11]. n

Remark 1

Details on the explicit computation of the bounds D

and q can be found in reference [11].
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Remark 2

Theorem 2 allows an a posteriori robust stability

analysis when the nominal controller k xtð Þ is

applied to the real system.

5 SIMULATION RESULTS

In order to evaluate the effectiveness of the pro-

posed approach in a realistic way, a detailed 14-

DOF Simulink� vehicle model is employed. Such a

model gives an accurate description of the vehicle

dynamics compared with actual measurements and

includes non-linear suspension, steer, and tyre char-

acteristics, obtained on the basis of measurements

on the real vehicle. The model degrees of freedom

correspond to the standard three-chassis transla-

tions and yaw, pitch, and roll angles, the four wheel

angular speeds, and the four wheel vertical move-

ments with respect to the chassis. Non-linear char-

acteristics obtained on the basis of measurements

on the real vehicle have been employed to model

the tyre, steer, and suspension behaviour. The

employed tyre model, described, for example, in ref-

erence [12], takes into account the interaction

between longitudinal and lateral slip, as well as ver-

tical tyre load and suspension motion, to compute

the tyre longitudinal and lateral forces and self-

aligning moments. An example of the employed tyre

friction ellipses is shown in Fig. 1, where the lateral

friction coefficient is reported as a function of the

exploited longitudinal friction (during traction) and

of the tyre slip angle a. Unsymmetrical friction

ellipses for traction/braking longitudinal forces are

also considered. The comparisons between yaw rate

and lateral acceleration measured on the real vehi-

cle, during a track test, and the ones obtained in

simulation with the considered model, reported in

Fig. 2, show the good accuracy properties of the

employed 14-DOF model.

The 14-DOF model has been employed to gener-

ate ‘experimental’ data by imposing suitably

designed courses �dt of the handwheel angle made

up by quick ramps followed by different constant

values with superimposed pseudorandom binary

sequences (see Fig. 3) and collecting the corre-

sponding noisy values ~_ct of the vehicle yaw rate.

Then, such data have been divided into two sub-

sets, the ‘identification data’ and the ‘validation

data’. As already pointed out, the chosen sampling

time is Ts = 0.001 s. The identification data have

been employed to derive the NSM vehicle model,

equation (14), and the validation data have been

used to evaluate its accuracy and to tune the values

of nu, ny, g, and e. In particular, after a series of

trial-and-error iterations, the values ny = 1, nu = 3,

g = 3, and e = 0:02 have been chosen. Then, the

SMPC law has been designed and tuned through

simulations. The chosen design parameters are

Np = 30, Nc = 3, Q = 10, and R = 5. The performance

of the SMPC strategy will be also compared here

with that of an NMPC algorithm designed using a

physical non-linear single-track vehicle model

described, for example, in reference [13]. The state

equations of such a model are

mv(t) _b(t) + mv(t) _c(t) = Fyf (t) + Fyr(t)

Jz
€c(t) = aFyf (t)� bFyr(t) + Mz(t) ð26Þ

In equation (26), m is the vehicle mass, Jz is the

moment of inertia around the vertical axis, b is the

sideslip angle, c is the yaw angle, v is the vehicle

speed, and a and b are the distances between the

centre of gravity and the front and rear axles,

respectively. Fyf and Fyr are the front and rear tyre

lateral forces, which can be expressed as non-linear

functions of the other variables (see references [2]

and [6] for more details)

Fyf = Fyf b, _c, v, d
� �

Fyr = Fyr b, _c, v, d
� �

ð27Þ

Note that the model, equation (26), requires a

measure of the sideslip angle b that is expensive to

obtain in practice. However, quite good and accu-

rate solutions have been proposed in the literature

to estimate b (see e.g. references [14] to [16]), ensur-

ing the reliability of control techniques involving

sideslip angle loops. On the other hand, the SMPC

Fig. 1 Front tyre friction ellipses considered in the 14-
DOF, with different values of lateral slip angle a

for a constant vertical load of 4 kN
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approach proposed here requires only the measure-

ment of the vehicle yaw rate, which is already avail-

able on passenger cars. The NMPC controller based

on the physical model, equations (26) and (27), has

been designed with the following nominal para-

meter values: m = 1715 kg, Jz = 2700 kgm2, a = 1.07 m,

and b = 1.47 m. The physical model has been discre-

tized using forward difference approximation, with

sampling time Ts.

At first, the NMPC parameters Q, R, Np, and Nc

were the same as the SMPC ones. In such a way, the

performance of the NMPC controller was worse

than that of the SMPC controller. In order to per-

form a fair comparison the NMPC parameters were

tuned again through simulations and have been

finally chosen as Q = 2, R = 10, Np = 80, and Nc = 2.

With both the SMPC law and the NMPC law based

on the physical models, the control move computa-

tion has been performed using the MATLAB� opti-

mization function fmincon.
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Fig. 2 Comparison between real data (dashed line) and simulation results obtained with the 14-
DOF model (solid line) during a track test: (a) front steering angle d (used as input for the
14-DOF model); (b) vehicle speed v; (c) yaw rate _c; (d) lateral acceleration ay

Fig. 3 Steering angle course used to collect data
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Remark 3

The proposed SMPC controller cannot be imple-

mented online due to the impossibility to perform

the RH procedure on the hardware platform usually

available on commercial vehicles. On the other

hand, this is a common problem of the application

of model predictive control methodologies to sys-

tems with ‘fast’ dynamics. A viable and effective

solution is made up by the use of an approximation

k̂ of the control law, equation (19), obtained using a

finite number of values of k computed offline. The

approximation can be successfully computed using

several techniques such as neural networks, piece-

wise linear functions, and nearest point approaches

as described respectively in references [17], [18],

and [11]. As an example, an approximate MPC con-

troller has been successfully employed in reference

[19] for the case of vehicle semi-active suspensions.

Open- and closed-loop (i.e. without and with

driver’s feedback) manoeuvres were selected to

evaluate the effectiveness of the proposed metho-

dology. With regard to the open-loop manoeuvres,

the following tests were carried out:

(a) a 50� handwheel step at 100 km/h, with a hand-

wheel speed of 400�/s, both with nominal vehi-

cle parameters and with increased vehicle

mass, + 100 kg, with consequent variations of

the other involved inertial and geometrical

characteristics;

(b) a 50� handwheel step at 100 km/h, with a hand-

wheel speed of 400�/s, when a blast of wind

comes and applies to the vehicle a lateral and a

moment force of 800 N and 500 N/m, respec-

tively, for a time of 1 s;

(c) steer reversal at 100 km/h on dry and wet road,

respectively, with a 50� and 30� handwheel

angle (the friction coefficients for dry and wet

road are, respectively, 1 and 0.4).

Regarding the closed-loop test, an ISO double-

lane-change manoeuvre was performed (see

Fig. 4 Results of the 50� handwheel step test with
nominal parameters. Uncontrolled vehicle yaw
rate (dotted line), reference yaw rate (thin solid
line), and yaw rate obtained with the SMPC
(solid line) and NMPC based on a physical
model (dashed line) control laws

Fig. 6 Results of the 50� handwheel step test when a
blast of wind occurs at 1 s. Uncontrolled vehicle
yaw rate (dotted line), reference yaw rate (thin
solid line), and yaw rate obtained with the
SMPC (solid line) and NMPC based on a physi-
cal model (dashed line) control laws

Fig. 5 Results of the 50� handwheel step test with
increased mass. Uncontrolled vehicle yaw rate
(dotted line), reference yaw rate (thin solid
line), and yaw rate obtained with the SMPC
(solid line) and NMPC based on a physical
model (dashed line) control laws
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reference [12]). Such a test has been carried out on

dry and wet road at 80 and 60 km/h, respectively. As

in the previous test, the friction coefficients for dry

and wet road are, respectively, 1 and 0.4. The follow-

ing driver model has been used

td
_dv(t) + dv(t) = Kd cref (t)� c(t)ð Þ ð28Þ

where crefðtÞ is the course of the reference yaw

angle, corresponding to the ISO double-lane-change

path at the considered speed (see reference [12]),

and Kd, td are the driver gain and the driver time

constant, respectively. Although more complex

driver models could be employed (see e.g. reference

[12]), the simple model, equation (28), has been

considered in the present work because the purpose

Fig. 7 Steer reversal test: (a) 50� handwheel angle on dry road at 100 km/h; (b) 30� handwheel
angle on wet road at 50 km/h. Uncontrolled vehicle yaw rate (dotted line), reference yaw
rate (thin solid line), and yaw rate obtained with the SMPC (solid line) and NMPC based
on a physical model (dashed line) control laws
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here is to make a comparison between the beha-

viour of the uncontrolled vehicle and of the con-

trolled ones, given the same driver model, rather

than to use a detailed driver model. As regards the

driver model’s parameters, the values Kd = 10:8 and

td = 0:2 s have been considered. Note that the values

of td range roughly from 0.08 s (experienced driver)

to 0.25 s (inexperienced driver), while the higher is

the driver gain, the more aggressive is the driving

action which could more likely cause vehicle

instability.

Such tests aim at comparing the performance

achieved with the SMPC and NMPC controllers in

different driving conditions both in transient and

steady state.

The results obtained for the handwheel step man-

oeuvre in nominal conditions, i.e. when the para-

meters of the 14-DOF model match with those of

the physical model, equation (26), are reported in

Fig. 4.

It can be noted that the NMPC law based on the

physical model achieves a steady-state regulation

Fig. 8 ISO double-lane-change test at 100 km/h on dry road: (a) yaw rate (dotted line, uncon-
trolled vehicle; solid line, vehicle controlled with SMPC controller; dashed line, vehicle
controlled with NMPC controller); (b) vehicle trajectories (top, uncontrolled vehicle; mid-
dle, vehicle controlled with SMPC controller; bottom, vehicle controlled with NMPC
controller)
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error of about 3 per cent, even if the 14-DOF model

parameters match with those of the physical model

employed to predict the system behaviour. This is

due to the neglected dynamics and under-modelling

of the physical model. On the other hand, the SMPC

approach, by employing a model identified from

data, achieves better regulation precision. The advan-

tages of the SMPC technique are even more evident

in a handwheel step test with increased vehicle mass.

The result of this test is shown in Fig. 5: while the

SMPC law is able to keep a nearly zero tracking error

(per cent), the NMPC law based on the physical

model achieves a slightly higher steady-state tracking

error with respect to the SMPC law. Further, Fig. 6

shows how the vehicle using the SMPC controller

shows a more robust behaviour with respect to the

vehicle with the NMCP controller when an external

disturbance occurs (i.e. a blast of wind).

In order to evaluate the vehicle performance in

situations critical from the point of view of friction

between wheels and road surface, from Fig. 7 it can

be noted that the transient behaviour is very well

damped when the SMPC controller is used.

Moreover, the vehicle controlled by the SMPC con-

troller shows fewer and smaller oscillations than the

NMPC one also with low friction coefficient. With

regard to the double-lane-change manoeuvre

(Figs 8 and 9), it shows that the SMPC controller

makes the vehicle able to better track the reference

trajectory imposed by the driver. Indeed, on a dry
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road (see Fig. 8) the yaw rate course related to the

SMPC controller shows smaller overdamping than

that related to the NMPC. Very good performance as

well is achieved on a wet road by the vehicle with

the SMPC controller; the passive one, instead, shows

unstable results (see Fig. 9).

Finally, the performance obtained with the pro-

posed SMPC controller has been compared with that

achieved using the internal model control (IMC) con-

trol structure introduced in reference [20]. Such an

IMC controller, whose effectiveness in vehicle stabi-

lity control has been shown in reference [2], is a line-

ar filter designed to exploit a linear vehicle model

derived from physical laws. In order to carry out this

comparison, a 50� steer reversal manoeuvre on dry

and wet road, respectively, at 100 km/h and 60 km/h,

has been performed. From Fig. 10 it can be noted

that the vehicle controlled with the IMC structure

shows an overdamping of about 16 per cent in both

tests, while the vehicle controlled with the SMPC

shows a nearly zero overdamping thanks to the non-

linear, more accurate model identified directly from

experimental data employed for the predictions.

Thus, the performed tests indicate that the SMPC

approach, using a model derived from data with

minimal guaranteed accuracy, achieves better over-

all closed-loop robustness properties than NMPC

and IMC strategies.

Fig. 10 50� steer reversal test performed: (a) at 100 km/h on dry road; (b) at 60 km/h on wet road.
Uncontrolled vehicle yaw rate (dotted line), reference yaw rate (thin solid line), and yaw
rate obtained with the SMPC (solid line) and IMC (dash-dotted line) control laws
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6 CONCLUSIONS AND FUTURE

DEVELOPMENTS

The current paper presented a novel approach,

denoted as Set Membership Predictive Control

(SMPC), to design a predictive control law for a

vehicle equipped with a front steer-by-wire actu-

ator. The proposed SMPC technique relies on a

vehicle model derived using a Non-linear Set

Membership (NSM) identification method and

input/output data collected during preliminary tests

on the vehicle. The employed NSM model gives

minimal worst-case error as well as a measure of

the model uncertainty. The simulation results

obtained with a detailed 14-DOF vehicle model

show that the SMPC approach is able to achieve

better closed-loop robustness with respect to both

an IMC and a Non-linear Model Predictive Control

(NMPC) law, based on a physical model of the vehi-

cle. An a posteriori theoretical robustness analysis

has also been presented, paving the way for the

future investigation of robust predictive control

laws, able to systematically handle system non-line-

arities, constraints, and model uncertainty.
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